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ABSTRACT. The abstract notion of convergence of functions with respect to a small system has its roots in the concept of convergence of functions in measure.
The second author has shown that convergence of functions with respect to a small system generates a Fréchet topology. In this paper we show that convergence with respect to a small system is equivalent to convergence with respect to a certain complete pseudometric (or metric if we consider equivalence classes of functions with respect to the small system).
Small systems.
We begin with some definitions which are similar to those in [1, 7, p . 491, and 8].
1.1. DEFINITION. Let {Mr} be a decreasing sequence of nonempty families of subsets of X such that for each positive integer r, there exists a sequence {fc¿} of positive integers such that F¿ e Mki (i = 1,2,... ) implies Ui^i Fi e Mr. Such a sequence {Mr} will be called a small system on X.
1.2. DEFINITION. Let {Mr} be a decreasing sequence of nonempty families of subsets of X such that for each positive integer r, (i) Ei € Mi (i = r + l,r + 2,... ) implies (J¿^r+i ^ € ■M-, and (ii) E, F e Mr+i implies E U F e Mr.
The sequence {Mr} will be called a strong small system on X.
Evidently, every strong small system is a small system. We shall see later in Theorem 1.5 that for all practical purposes, every small system can be replaced by a strong small system. 1.3. EXAMPLES. For each of the following, {Mr} is an example of a small system on the given set X:
(i) Let (X, S,p) be a measure space and for each r, let It is easy to see that Ej e Msy) = Mk]} (j = r + 1,r + 2,...) implies (J°Zr+i^Fê A/S(r), so that (i) holds in the definition of strong small system. If E, F e Ms(r+i)i then E e Mkr+lr+1 C Mkr+l r and F e Mkr+lr+l. Hence, FUF € Ms(r), so that (ii) holds in the definition of strong small system.
2. Small systems convergence. 2.1. DEFINITION. Let {Mr} be a small system on X, let 7 be the vector space of all real-valued functions on X, and let {/"} be a sequence in 7. We say that /" converges with respect to the small system {Mr} to f e 7 if and only if, for each e > 0 and for each positive integer m, there exists a positive integer n£<rn such that for each positive integer n > ne m, there exists E(n) e Mm such that {x: \fn(x)-f(x)\>£})cE(n).
Notice that if /" converges with respect to a small system Mr, then /" converges with respect to every small system similar to {Mr}.
For comparison, we include the definition for convergence in measure. Let (X,S,p) be a measure space, and let {/"} be a sequence of measurable functions on X. We say that /" converges in measure to the measurable function / if and only if, for each £ > 0 and for each positive integer m, there exists a positive integer n£^m such that for each positive integer n > n£jm, we have p({x: \fn(x) -f(x)\ > £}) < l/m (cf. [3, p. 91]). 3.1. DEFINITION. Let {Mr} be a small system on X and F be a subset of X.
EXAMPLES, (i) Let p be a
We say that F is null with respect to {Mr} if and only if, for each positive integer r, there exists Er € Mr such that F C Er.
If {MT} and {Mr} are similar small systems on X, it is easy to see that the null sets for {Mr} are precisely the null sets for {Mr}-It is also not difficult to verify that the null sets for {Mr} form a a-ideal of subsets of X. denote the class of all g e 7 such that g is equivalent to /, and let M denote the vector space of these equivalence classes. It is easy to see that if a sequence /" converges to both / and g (with respect to {Mr}), then / and g are equivalent. Moreover, if fn converges to / and if / is equivalent to g and if, for each positive integer n, fn is equivalent to gn, then gn converges to g. We may therefore say that Notice that statement (iii) holds for n = 1. Suppose that it holds for n = r, and suppose {/i,..., /r+i} is a collection of r + 1 functions in F. If the numbers p(fi), ..., p(fr+i) are distinct, then the statement follows from (ii). If the numbers p(fi),... ,p(fr+i) are not distinct, then we may suppose that p(fr) = p(fr+i). Then p(fr + fr+i) < p(fr) + p(fr+i) from (i). By the inductive hypothesis, P(fl + ---+ fr-l+ (fr + fr+l))ß < p(h) + '" + p(fr-l) + p(fr + fr+l) < P(h) + '" + P(fr-l) + p(fr) + P(fr+l).
That is, p(Zrt=¡ fi)/2 < E¡=1 P(fi) for the family {fi,..., fr+i}.
Statement (iv) is obvious. 
